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Although ‘glue semantics’ appears to be generally accepted as LFG’s present account
of semantic composition, its uptake amongst LFG practitioners doesn’t actually seem
to be that extensive (and a number of well-known syntacticians have claimed to me
that they are pretty much baffled by it). A possible reason for this is that the standard
presentation of glue is based on term-assigning deductions in linear logic, a kind of
apparatus that isn’t very congruent with normal LFG mechanisms.1 Here I will show
how proof-nets, an alternative format for deductions in certain forms of linear logic,
can be construed as a linguistic level of ‘logical forms’, related to the other levels in
LFG by correspondence relations in a manner reminiscent of the c-structure-f-structure
correspondence φ, as discussed for example in Kaplan (1995). Perhaps presenting glue
in a manner more characteristic of linguistics in general and LFG in particular will
make it easier to grasp, especially for LFG syntacticians.

Proof-nets are sometimes described as rather arcane and difficult, and indeed they can
be, but the ones needed for LFG glue semantics are not; in fact these are essentially the
same thing as a limited form of lambda-calculus term. The intended prerequisite for
most of the paper is a grasp of LFG and basic formal semantics (especially the basics
of the lambda-calculus, as may be found for example in Partee et al. 1993:358-343);
towards the end, some portions might be more demanding.

For preliminary motivation, consider what might be involved in doing the semantic
composition for the sentence Bert yawned, assuming a standard Frege-Montague system
of semantic types where Bert is of type e (for entity), yawned of type e→p (p for
proposition, following the usage of hyperintensional semantics (Pollard to appear),
whatever we take propositions to actually be).2 Representing types as trees with nodes
labelled by subformulas in the obvious way, we would get:

(1) Bert

e
Yawned

e→p

e p

where → is the standard ‘functional’ type-constructor, whereby something of type
a→b is something that accepts an argument of type a to produce a result of type b (in
Montague grammar notation, this is often written as <a, b>).

If confronted with these items, and urgently requested to do something useful with

1And the fact that most early presentations were based on the Gentzen sequent calculus, a rather
different form of logic than the natural deduction methods that most linguists get exposed to, probably
didn’t help.

2For some background on the origins of type theory, see Casadio (1988).
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them, an obvious thing to try would be to connect the e of Bert as ‘output’ to the e of
Yawned as ‘input’, like this:

(2) Bert

e
Yawned

e→p

e p

The rationale for doing this would be the intuitive idea that a one-place predicate such
as Yawned wants an entity as argument in order to produce a proposition, which Bert

provides, via the link.

The proof-nets we will be using can be regarded as a disciplined version of this way of
thinking. To then view them as constituting a part of a theory of the syntax-semantic
interface, we need to do a few more things, such as show how they are connected to
meanings as standardly conceived, and how they are constrained by the grammatical
structure. There are also several layers of complexity in what is needed for these tasks,
so we will procede in stages, looking first at application of predicates to arguments of
simple types, then abstraction (functional types), and finally tensors (product types).

1 Simple Arguments

In this section we’ll consider the treatment of cases where a predicate (in formal seman-
tics, typically a function) applies to an argument of a simple type, such as for us, e or p.
This covers most cases of ‘predicate argument structure’ in LFG, except for functional
control verbs where the controller is an argument of the matrix verb (Asudeh 2002,
2005), as well as many adjuncts (the ones that don’t apply semantically to the subject
as well as the proposition), and various other operators, such as epistemic modals and
negation. We won’t go through a huge range of examples, just a few representative
ones.

1.1 Hookups

Our motivating example (1) isn’t very informative, because it’s too simple, and there’s
only one possible connection pattern that fits the semantic types. We’ll start by looking
at the slightly more complex case of transitive verbs.

Consider the semantic types for the words of the sentence Bert likes Ernie:

(3) e e e→(e→p)

Bert Ernie Likes
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where the verb is presented in ‘curried’ form, as something that applies to one argument
(typically the least active one) to produce something that applies to another to produce
a proposition3

The obvious problem here is that there’s more than one way to connect the differ-
ent tokens of the same type e. The intended reading (given the convention above of
applying the least active argument first) would be plausibly represented by:

(4) Bert

e
Ernie

e
Like

e→e→p

e e→p

e p

where we have begun to follow the convention of omitting rightmost brackets with →.

Unfortunately, even if we ignore the issue of the directionality of the connections (which
in fact doesn’t need to be represented), there are two more ways of hooking up the e’s,
one corresponding intuitively to a sensible (although wrong) reading of the sentence,
the other not. Below we show these in an alternative, more compact, format, where
the formulas aren’t expanded as trees, and the connections are written as over-arcs:

(5) a. e e e→e→p

Bert Ernie Likes

b. e e e→e→p

Bert Ernie Likes

We need some way for (5a) to be excluded as a reading for Bert likes Ernie, and
presumably for (5b) to be excluded from consideration as a reading for anything. There
is also the question of exactly how these things are related to logical forms presented
in the more usual formats.

We will start with the task of excluding (b), then show how to construe proof-nets as
more conventional-looking logical forms, and finally examine how the grammar imposes
constraints. This amounts to first developing some internal properties of the proposed
level, and then examining how it connects to the rest of the syntax.

A quite useful idea that can be used to rule out (b) is a concept of ‘polarity’, defined
over the semantic type-occurrences and their subformula occurrences. The standard
polarities were unfortunately reversed in Andrews (2004a) (for reasons that seemed
good at the time), but here the standard ones will be used, which can be justified by
thinking of the network as a system into which lexical meanings are dropped as ‘inputs’
(therefore negative), and a final result appears as ‘output’ (positive).4

3As argued for cogently, if not perhaps 100% convincingly, by Marantz (1984).
4The notion goes back quite a long way, at least as far as Kelly and Mac Lane (1971), where it is

the ‘variance’ of the nodes in the graphs.
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To formulate the rules, we need a bit more terminology, which is that a type-expression
of the form a→b is called an ‘implication’ with antecedent a and consequent b. The
rules are then:

(6) a. An entire type-expression is negative

b. The consequent of an implication has the same polarity as the entire implica-
tion

c. The antecedent of an implication has the opposite polarity as the entire im-
plication.

In expanded tree format, with polarities written in, the constructors of (3) will be:

(7) Bert

(e)−
Ernie

(e)−
Like

(e→e→p)−

(e)+ (e→p)−

(e)+ (p)−

Following the usage of type-logical grammar, where proof-nets are widely employed, it
is useful to call the type-expressions that are to be combined a ‘frame’. For maximal
elegance of the hookup rules, it is furthermore useful to introduce into the frame one
additional type-expression, of type p, with positive polarity.

The basic requirements on linking are then:

(8) a. negatives connect one-to-one with positives

b. the types of connected nodes must match

If one thinks of content as ‘flowing’ through the network, it will then go from negative
to positive along the links, which is a bit counterintuitive,5 but follows from thinking
of a proper name such as Bert as a both an input into the whole network (therefore
standardly negative), and a provider of content to its predicate. The flow idea also
motivates a negative-to-positive directionality. Intuition aside, the requirements of (8)
suffice to rule out (5b), while allowing the two hookups of (3/7) that we have deemed
to be sensible.

But for the one-to-one requirement to be satisfied, we need to add to the frame an extra
basic type p, of positive polarity. This can be thought of as stating a requirement that
the semantic contributions fit together to form a proposition, similar in both spirit
and function to the specification of S as the ‘initial category’ of a phrase-structure
grammar. The fact that there is only one additional positive also makes the logic of
meaning-assembly ‘intuitionistic’, as discussed in more advanced treatments such as
Crouch and van Genabith (2000).

5Hence the polarity-reversal in Andrews (2004a).
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To state linking more formally, we will want another bit of terminology, which is that
the ‘literals’ in a type-formula are the subformulas (occurrences) that are basic types
(here, e and p), rather than formed by implication or any other type-constructor. We
can now characterize linking as follows:

(9) A linking is a one-to-one correspondence from negative to positive literals that
preserves semantic type.

‘One-to-one correspondence’ means that every negative must target a different positive,
and every positive must be targetted by some negative (without the extra positive
added to the frame, this last requirement wouldn’t be satisfied, and we’d have to say
‘every positive except for one must be targetted by a negative’). The links are often
called ‘axiom links’, because they correspond to uses of the axiom A ⊢ A (given A,
you can conclude A) in ‘Gentzen sequent’ proofs, which we won’t be looking at, from
which proof-nets were originally derived.

With the additional positive, and the axiom-links drawn in, the other linking for (9)
becomes:

(10) Bert

(e)−
Ernie

(e)−
Like

(e→e→p)−

(e)+ (e→p)−

(e)+ (p)−

(p)+

Technically, the rules for what we have described as ‘hookups’ are called ‘proof-structures’.
In order for them to be ‘proof-nets’, and therefore, adequate as logical forms, an addi-
tional criterion must be satisfied, the ‘correctness criterion’, which we will be developing
below. But first, we’ll show they can be read as conventional-looking logical forms.

1.2 Hookups as Formulas

The standard way to use type-expressions to help depict meanings for sentences is to
use them as part of the syntax for ‘logical forms’, presented as formulas in some kind
of artificial language. One could go on at some length about what a logical form is
supposed to be; here I will take the position that it is a structure from which one
can determine the entailments and other meaning-based properties of a sentence in a
language-universal way, given information about the meanings of the basic elements.
LFG f-structures could therefore be taken as logical forms as long as only predicate-
argument structure conveyed by grammatical relations is considered (and coreference,
given an ANTECEDENT grammatical function), but fail once scope phenomena asso-
ciated with adjuncts, quantifiers, etc. are considered.

A syntax for logical forms usually (always?) contains something along the lines of
an ‘application’ construction, for applying a function to an argument, often notated
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along the lines of ‘f(a)’ where f is the function and a the argument. The proof-net
literature contains various schemes6 for extracting expressions in such formal languages
from proof-nets, but an important point is that these aren’t actually necessary, since
the proof-nets themselves can be regarded as being such expressions by a fairly simple
change in perspective.

For our structures so far, this change can be implemented by reconstruing subtrees of
the form (a) below as being of the form (b), where the directionality of the arrows is
supposed to be from daughters to mothers:

(11) a. (a→b)−

a+ b−

b. (a→b)−

a+ b−

We can read this as a syntax tree for a predicate-first logical form by viewing the down-
ward pointing arrow in (b) as a left daughter-to-mother tree link, and the rightward
pointing one as a right daughter-to-mother tree link (i.e. swivelling the diagram a bit
more than 90◦ around the b− node), getting:

(12) b

a→b a

These are minor, local, changes, to the extent that they are changes at all, so the effect
is to reconstrue the type-tree as a structure-tree in the standard format. Since the
directionality of the arrows in the tree-format of the proof-net is always upward, we’ll
leave the arrowheads out.

If we remodel (10) along these lines, and reposition the lexical type-trees in accordance
with a conventional tree format, we get the following, where the axiom links have been
rendered as dotted lines to visually distinguish them from the others:

(13) p

p

e→p

e→e→p
Like

e

e
Ernie

e

e
Bert

If we now simply collapse the nodes connected by the axiom links (not a problem due
to the constraint that these always have the same (basic) type-label), (13) becomes
a syntax-tree for a conventional Montogovian logical form such as Like(Ernie)(Bert),

6Such as the ‘maximal labelling’ of Perrier (1999) and the ‘semantic trips’ of de Groote and Retoré
(1996) and Morrill (2005).
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with left-association of function application, as usual. The differences between (10)
and (13), with or without collapsing of nodes connected by axiom-links, are trivial
enough so that both can be considered as different views of the same objects. Note in
particular:

(14) a. Given a collasped form, we can recover the uncollapsed one by expanding the
basic types into pairs connected by an axiom link

b. Although polarity can’t be assigned consistently to the nodes of a collapsed
tree, we can uncollapse it and then assign polarity (with rules that are basi-
cally the same as with the regular proof-net format, although the details of
formulation would be a bit different).

c. The relationship between the two formats would be a bit messier if we didn’t
have the additional positive in the frame.

So we can regard proof-nets as being equivalent to conventional logical forms, at least
insofar as the application construction is concerned, and this equivalence will be ex-
tended further below.7

1.3 Constraints from Syntax

Our next problem is to account for the way in which the syntax constrains the linking,
and thereby the interpretations. The basic idea is to use f-structure labels as an
additional source of constraint on linkings, alongside of the semantic types. This affords
an appropriate time to introduce the conventional format for ‘meaning-constructors’,
the semantic contributions which are to be assembled in glue. In conventional notation,
the constructors for Bert likes Ernie would be written as in (a) below, if the f-structure
was (b):

(15) a. Bert : ge

Ernie : he

Like : he −◦ ge −◦ fp

b.

f :















SUBJ g:
[

PRED ‘Bert’
]

TENSE PRES

PRED ‘Like(SUBJ, OBJ)’

OBJ h:
[

PRED ‘Ernie’
]















The ‘−◦ ’ symbol here represents ‘linear implication’, about which, more below, but
right now we can just regard it as an orthographic variant of the ‘→’ symbol we’ve

7The point that proof-nets were equivalent to logical forms was first made, to my knowledge, by
de Groote and Retoré (1996), although not, it seems to me, in as direct and elementary way as it is
being made here.
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been using for the functional type-constructor.8 So the meaning-constructors are just
type-trees tagged with f-structure labels as well as semantic types.

Now we can regard the placement of axiom-links as constrained by the f-structure
information as well as by the semantic type information, so that for (a) below, the only
possible hookup is (b), which is the logical form for Bert likes Ernie, but not Ernie
likes Bert.

A further condition is that the additional positive basic type needs to be tagged with
the label of the entire f-structure, expressing the idea that we’re looking for a meaning
of propositional type for this f-structure. In our concise, non-tree-expanded notation,
this additional positive will be separated by the others by the ‘⊢’ (turnstyle) symbol,
to indicate its special status. This is the notation for logical ‘sequents’, about which
more below.9

(16) a. ge he he −◦ ge −◦ fp ⊢ fp

Bert Ernie Likes

b. ge he he −◦ ge −◦ f p ⊢ fp

Bert Ernie Likes

Now, clearly, if we swapped the f-structure labelling of the ‘Bert’ and ‘Ernie’ terms,
then it would be the other of the two previously possible linkings that would be allowed
by the f-structure information, so that we’d get the appropriate logical form for Ernie
likes Bert.

So the final step is to explain where the f-structure tags come from. Here the answer
is exactly the same is in standard presentations of glue: from the lexicon, via instan-
tiation. So the words in the two sentences we have been considering would contain
the meaning-constructors in uninstantiated form, with ↑-metavariables in the place of
f-structure labels:

(17) Bert : ↑e

Ernie : ↑e

Like : (↑OBJ)e −◦ (↑SUBJ)e −◦ fp

Lexical entries contain uninstantiated meaning-constructors along with f-structure equa-
tions, which are instantiated in the same way that the f-structure equations are, with
↑ referring to the f-structure correspondent of the preterminal node over the lexical
item, and the resulting f-structure designators being resolved (constructively, it would
appear, although I haven’t seen this point discussed explicitly in the literature).

8Indeed, some presentations of glue, such as Lev (2006b), use → instad of −◦ in meaning-
constructors.

9Briefly, the formulas to the left of ⊢ are assumptions from which the formula to the right can be
deduced. The restriction to a single formula to the right of the turnstyle imposes the ‘intuitionistic’
restrictions on the logic.
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Since the nodes of the proof-net of (16b) are tagged with f-structure labels, we can think
of it as a structure (a tree, in fact, as we have already discussed) some of whose nodes
are related by a correspondence relation to an f-structure. This will be a correspondence
between a kind of semantic representation (really, just a representation of how meanings
are to be composed; we should perhaps call it a ‘semantic compositional structure’),
and the f-structure, so it would be reasonable to call it σ. The usual practice with
correspondences between functional and semantic structure has been to run them from
the former to the latter, but we will see soon that for σ as constructed here, it is the
reverse direction that is preferable, since more than one semantic node can correspond
to the same functional substructure, but not vice-versa.

In this format, a full linguistic structure for Bert likes Ernie would look like this (φ
dashed, σ dotted):

(18)

S

NP

N

Bert

V P

V

likes

NP

N

Ernie















SUBJ
[

PRED ‘Bert’
]

TENSE PRES

PRED ‘Like(SUBJ, OBJ)’

OBJ
[

PRED ‘Ernie’
]















p

e→p

e→e→p
Like

e
Ernie

e
Bert

In addition to opposite directionality, another major difference between the φ and σ
correspondences is that the latter is defined only for the literals (basic types), while
the former is defined for all c-structure nodes (but not lexical items themselves).

The overall architecture then works as follows: the annotated tree produces both an
f-description, which is solved to produce an f-structure, and a collection of semantic
contributions (instantiated meaning-constructors), whose literals are linked to the f-
structure by the σ correspondence, which is somewhat like the c-structure-to-f-structure
correspondence φ, although different in detail and opposite in direction. These semantic
contributions are then combined by in effect fusing the literals of the contributions
(implemented by connecting them with axiom-links), subject to the requirement that
their f-structure correspondents match, and to certain further constraints, as will be
described shortly (the ‘correctness criterion’). As a result, the integrated semantic
contributions can be viewed as constituting a logical form for the sentence.
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1.4 Correctness and Logic

So far is, however, actually, not so good, because when we extend our account to adverbs
such as ‘obviously’, and similar operators, a problem emerges. Consider a sentence
such as Bert obviously likes Ernie. Plausible instantiated meaning-constructors for
this would be (significantly oversimplified; see Dalrymple (2001) for discussion):

(19) Obviously : fp −◦ fp

Bert : ge

Ernie : he

Like : he −◦ ge −◦ fp

Unfortunately, there are two possible ways of hooking these constructors up, repre-
sented as follows in the ‘linked sequent’ format of (16b):

(20) a.

ge he he −◦ ge −◦ f p f p −◦ f p ⊢ f p

Bert Ernie Likes Obviously

b.

ge he he −◦ ge −◦ f p f p −◦ f p ⊢ f p

Bert Ernie Likes Obviously

(a) corresponds to the plausible tree-structure logical form:

(21) p

p→p
Obviously

p

e→p

e→e→p
Like

e
Ernie

e
Bert

(b) on the other hand satisfies all of our principles so far, but doesn’t represent a
conceivable reading of the sentence.

To rule it out, we need an additional constraint, called the ‘correctness criterion’.
which can be approached from many different angles, and formulated in a wide variety
of ways. The underlying idea involves logical proofs. We can regard the format of
(a) as representing a proof that the type-formulas to the left of the ⊢ can be used to
produce the one on the right, using the logical rule of ‘modus ponens’, which says that,
given ‘If A, then B’, and ‘A’, you can conclude ‘B’. Each axiom-link can be taken
as representing an application of modus ponens (the names mismatch here, because
the technical origin of the proof-nets was a different format of logic, the one-sided
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Gentzen sequent calculus, and this description is oversimplified anyway), resulting in
the ultimate deduction of the fp that appears to the right of the ⊢ (an intuitive sense
of this is sufficient for here, we’ll give a precise account later).

From this perspective, the problem with (b) would appear to have something to do with
the fact that the Obviously premise isn’t being used to produce the final conclusion,
which certainly does follow from the material to the left, by the deduction indicated
by the linkings, but only by virtue of ignoring the Obviously premise. In effect, there
seems to be a requirement that all of the formulas on the left of the sequent be used
in the production of the conclusion. This is a feature of what is called ‘relevant logic’,
so called because it imposes a condition that all of the premises of a relevantly-valid
argument actually be used in the production of the conclusion.

In terms of the proof-nets we have been considering so far, this condition can be imposed
by requiring that the proof-net be connected, that is, not have any two sub-parts with
no links between them (things will get a bit more complicated later, and note that ‘no
cycles’ is another possibility, equivalent in these simple cases, but not in more complex
ones that we’ll see later). The actual logic we’re using is not only relevant, but ‘linear’,
meaning that in addition, each assumption can only be used once; this is enforced by
other features of the proof-net scheme, such as the one-to-one linking (and, as already
mentioned, it’s intuitionistic, due to the restriction to a single conclusion).

In addition to showing the need for a further condition on correctness, the (a) assembly
also provides an example where several literals in the logical form correspond under σ
to a single f-structure. It would be a good exercise to write out the full f-structure and
logical form, with σ-correspondence.

With this form of account of adverbials and similar elements in place, we can discuss
a range of scoping phenomena that can’t be handled explicitly in standard LFG, due
to the ‘flat’ organization of the relevant meaningful elements in f-structure, along lines
sketched in Andrews (to appear). The deficiency of f-structures as logical forms is
therefore partially remedied.10 There are however further scope phenomena, involving
quantifiers, for which what we have done so far is insufficient.

2 Quantifiers and ‘Higher Order’ Arguments

Since the work of Barwise and Cooper (1981), it has generally been accepted that
quantificational determiners such as every and some should be analysed as relations
between sets, e.g. every dog barked is true iff the set of dogs is a subset of the set of
barkers. So the type of quantified NP such as every dog or somebody (technically, these
are the ‘quantifiers’ in the terminology of Barwise and Perry) will be (e→p)→p. Then,
given something of type e→p, such as an intransitive verb, we could simply apply the
quantifier to this thing to get a result of type p. In a proof-net, we could implement
this by ‘lopping’ matching branches off the predicate and argument type trees, and
connecting the resulting e→p-type stubs, like this:

10Raising the question of whether f-structures should still represent predicate-argument relations
and provide the structural basis for the Completeness and Coherence constraints (Kuhn 2001).
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(22) Yawned

e→p
Somebody

(e→p)→p

e→p p

The lopping tactic will work for a significant variety of cases, such as try-type verbs as
analysed by Asudeh (2002, 2005), or subject-oriented adverbs as analysed in Dalrymple
(2001), but famously fails for quantifiers, since it can deal with neither quantification
into object position, as in (a) below, nor wide-scope readings such as that of (b) below:

(23) a. Rover likes everybody

b. Somebody seems to have yawned

These are standardly analyzed by the use of either bound variables, or equivalent
structures of combinatory logic using combinators. In the Barwise-Cooper treatment,
logical forms for (23) might be:

(24) a. Everybody(λx.Likes(x)(Rover))

b. Somebody(λx.Seem(Yawn(x)))

Lopping clearly won’t help here: if we tried to deal with (a) by applying the subject
first, then it would be quantification of subjects that was problematic, and whichever
we did, Everybody likes somebody would be problematic. (b) is likewise intractable, so
we would appear to need something equivalent to variable binding in our proof-nets.
Such a thing turns out to already be there.

2.1 Positive Implications

Using expanded tree-format, we could say that the problem is that we have the following
two pieces to fit together:

(25) (p)−

((e→p)→p)−

Somebody

(e→p)+

(e)− (p)+

(p)−

(p→p)−

Seem

(p)+

(p)−

(e→p)−

Yawn

(e)+

And the rules we have so far already provide a solution.

We have a negative e in Somebody that satisfies the constraints for linking to the
positive one in the Seem-Yawn subtree, and a negative p in this latter that satisfies the
constraints for linking to the positive p in Somebody. Linking these up we get:
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(26) p

p

(e→p)→p
Somebody

e→p

e p

p

p→p
Seem

p

e→p
Yawn

e

(No syntactic information yet). This looks a lot like a standard logical form using
lambda-abstraction, with the linking of the two e-literals doing the work of variable-
binding. We can increase the resemblance by writing the positive e→p as λ (its type
being so easily reconstructible from those of its daughters), and collapsing the axiom-
linked p’s:11

(27) p

(e→p)→p
Somebody

λ

e p

p→p
Seem

p

e→p
Yawn

e

Collapsing the two e’s would be conceptually better, but notationally awkward, so we
won’t do it (when the other literals are collapsed, one can think of the links connect-
ing ‘variables’ to their binding sites as being a convenient notation for identity, like
functional control links in f-structure notation).

We seem to have a plausible representation, but we’re not done yet, because (a) we need
an enhancement of the correctness criterion (b) we need to work out the relationship
to the syntax (c) we need to deal with the fact that the same hookup pattern is also
available for the simpler cases that we first managed with lopping.

Fixing the correctness criterion is best combined with explaining how the proof-nets are
being reoriented in these examples. Specifically, for positive implications, they aren’t:
the positive e→p/λ subtree appears in the same orientation in (27) as it would in
our regular proof-net (which is upside-down with respect to the standard presentation:

11For reduced redundancy, it would also be reasonable to relabel the negative complex type nodes
with some symbol standardly denoting application, although for greater readability, we won’t do this
here.
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logicians seem to like their trees sitting on their roots, while linguists like them hanging
from them).

For this reason we might think to reconstrue the positive implication-links as two equiv-
alent upward pointing arrows, but for our present version of the correctness criterion,
it’s better to treat them a bit differently.12 So our reconstrual of a positive implication
can be generally depicted like this:

(28) (e→p)+

(e)− (p)+

The thick arrow will belong, together with the axiom-links and both thick arrows for
the negative implications, to a structure introduced by de Groote (1999) called the
‘dynamic graph’,13 while the thin one won’t. If you examine (26) and contemplate
what the dynamic graph would be, you’ll see that it is a tree (the structure given, with
the link from the positive implication to its e antecedent omitted).

And it is a straightforward consequence of de Groote (1999) that the correctness cri-
terion will be satisfied iff:

(29) a. The dynamic graph is either acyclic or connected

b. Every path in the dynamic graph starting at the antecedent of a positive
implication passes through the consequent of that implication on its way to
the root

The requirement (b) in particular looks just like the standard requirement on bound
variables that they appear ‘within the scope of’ their binder. There is however one
important difference between the lambda-binding implemented by these proof-nets and
what is generally used in formal semantics, which is that the proof-net binding is only
capable of binding a single position. This will afford difficulties if we want to deal with
examples involving anaphora, such as everybody washed himself. This problem will be
considered in section 4, where we look at tensors. Meanwhile, lambda-terms where
each lambda binds one and only one occurrence of a variable are called ‘linear’.

People who are so inclined can spend a great deal of time learning about the various
formulations of the correctness criterion (Moot (2002), ch 4 is a good place to start),
but the executive summary for linguists is that an implicational proof-structure satisfies
the correctness criterion and is therefore a proof-net if and only if it looks like a sensible
linear lambda term.

12However, the most often encoutered formulations of the correctness criterion treat them symmet-
rically; the asymmetric treatment used here appears to be a feature of formulations derived from de
Groote’s (1999) algebraic formulation of the criterion, and would seem to be best suited to intuition-
istic implicational systems, due to the asymmetry of implication.

13Closely following a similar notion introduced by Lamarche (1994), although I must confess that I
have not yet managed to understand much in this paper.
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2.2 Relating to the F-structure

Now that we have an account of the logical forms of wide-scope structures, our next
issue is how to get them and their narrow-scope variants. To sharpen the question,
consider the two logical forms we want for Somebody seems to yawn, together with a
reasonable f-structure for this sentence:

(30) a. Somebody(λx.Seem(Yawn(x)))

b. Seem(Somebody(λx.Yawn(x)))

(31)

f :



















SUBJ g:
[

PRED ‘Somebody’
]

TENSE PRES

PRED ‘Seem(XCOMP)’

XCOMP h:

[

SUBJ g:[ ]

PRED ‘Yawn(SUBJ)

]



















Given the obvious instantiated constructors for seem and yawn:

(32) Seem : hp −◦ fp

Yawn : ge −◦ hp

We can get the two readings by using one of the following two instantiated constructors
for somebody:

(33) Somebody : (ge −◦ fp) −◦ fp

Somebody : (ge −◦ hp) −◦ hp

(a) gives rise to the wide-scope reading, as can be seen by looking at the sequent-format
version of the proof-net:

(34) ge −◦ hp hp −◦ f p (ge −◦ f p) −◦ f p ⊢ f p

Yawn Seem Somebody

The syntactic constraints and correctness criterion jointly allow no other linking pat-
tern.

For the narrow-scope reading, on the other hand, there are two possibilities, with and
without lopping:

(35) a. ge −◦ hp (ge −◦ hp) −◦ hp hp −◦ f p ⊢ fp

Yawn Somebody Seem
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b. ge−◦ hp (ge−◦ hp) −◦ hp hp −◦ fp ⊢ f p

Yawn Somebody Seem

What to do about this will concern us shortly; briefly, we view it as being a differ-
ence without a difference (η-equivalence, for people who already know a bit about the
lambda-calculus).

Our present question is how to get the two constructors of (33) in the first place. The
standard approach is to use quantification in the glue logic (which Kokkonidis (to ap-
pear) shows how to construe as first order quantification). Here we will instead use
standard LFG ideas about correspondences between structural levels. The difference
between the wide and narrow scope readings lies in which f-structure the p type vari-
ables in the quantifiers meaning-constructor refer to. The invariant is that whatever
they refer to, they both refer to the same thing.

This can be seen as a typical case of LFG architecture where there is a constraint
that two things correspond to the same thing, but not a full specification of what that
further thing must be. The most straightforward way to achieve this in LFG notation
is to represent the f-structure correspondence information for the p-terms with a ‘local
variable’ (Dalrymple 2001), like this:

(36) Somebody : (ge−◦ %Hp) −◦ %Hp

The intended interpretation is that the local variable places no constraint on what
piece of f-structure its literal corresponds to, as long as all literals with that local
variable correspond to the same piece of f-structure. This idea could be expressed a
bit more explicitly by reformulating the constructor like this, where τ is the mapping
from meaning-constructor literals to semantic types:

(37) Somebody : (X −◦ Y ) −◦ Z

σ(X) = g

σ(Y ) = σ(Z)

τ(X) = e

τ(Y ) = p

τ(Z) = p

The function of the universal quantifiers in standard glue can thus be taken over by
the workings of LFG correspondence architecture, not with any specific empirical con-
sequences, as far as I know.

In particular, there is no effect on the basic glue result (Dalrymple et al. 1997) that the
logically coherent possibilities for quantifier interpretation can be obtained without
imposing any extrinsic constraints: the correctness criterion does it all (although of
course it wouldn’t account for purely grammatical constraints on scope).
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2.3 Lopping, η-reduction, and Common Nouns

One goal of this subsection is to integrate common nouns into the analysis, but to
do this we need to first consider the relationship between ‘lopped’ and ‘non-lopped’
analyses. The issue is that for a sentence such as somebody yawned, we have both the
lopped analysis of (22), and this unlopped one:

(38) Yawned

(e→p)−

(e)+ (p)−

Somebody

((e→p)→p)−

(e→p)+

(e)− (p)+

(p)−

(p)+

If we convert these proof-nets to regular logical form notation, they become:

(39) a. Somebody(Yawned)

b. Somebody(λx.Yawned(x))

These are related by the lambda-calculus rule of η-conversion (or reduction, if one is
only using it to derive the shorter formula from the longer one):

(40) F ≡η λx.F (x)

This equivalence says that if you take a function F , apply it to a variable x of appro-
priate type, and then lambda-bind that, you just have F again.

In terms of the syntax of the formulas, what η-conversion does (and also β-conversion,
which we’ll briefly discuss later) is to group them into equivalence classes, so that the
‘real objects’ in the system of formulas are the classes of equivalent formulas, not their
particular orthorgraphic representatives. So, via η-conversion, (a) and (b) of (39) are
supposed to be two representations of the same thing.

The notion of η-conversion extends naturally to proof-nets; in the sequent notation for
proof-nets we an formulate it concisely as follows (applying recursively):

(41) . . . (a −◦ b)+ . . . (a −◦ b)− . . .

m

. . . (a−◦ b)+ . . . (a−◦ b)− . . .

Having to deal with equivalance classes of proof-nets is not an entirely welcome step,
since part of the motivation of proof-nets was to replace certain equivalence classes of
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proofs with single objects, in the form of proof-nets. However, proof-nets only reduce
the role of equivalance classes, and may not manage to eliminate them entirely.14 In
any event, this equivalence class actually looks more natural over proof-nets than over
standard formulas, since it can be seen as a decision to regard two matching axiom-links
as a single one, hence the greater thickness of the link in (b).

Usually, in proof-net-based work, people don’t bother with lopping/η-reduction, but
instead work with formulas in η-expanded form, to the extent required in order to
connect only literals with axiom-links. In linguistics, we can do as we like, and I see no
reason to even have a policy on the matter. When we look at the connections to logic
more closely, we’ll see that there’s a version of η-conversion for conventional proofs, as
well as for proof-nets and lambda-terms (as would be expected, since these are all just
different representations of the same thing).

Now we’re ready to look at how quantificational determiner such as every combines
with a common noun, such as dog. Semantically, common nouns are taken as being
of type e→p, so that quantificational determiners are then of type (e→p)→(e→p)→p,
as mentioned above. The common noun e’s and p’s must obviously be in some way
localized to the f-structure of the NP that the noun appears in, and here we will
implement this by simply associating both with the f-structure of that NP. Therefore
the uninstantiated meaning-constructors for every and dog will be:

(42) Every : (↑e −◦ ↑p) −◦ (↑e −◦ %Hp) −◦ %Hp

Dog : ↑e −◦ ↑p

By LFG, if the quantifier and common noun are introduced in the usual way in the
same NP, the ↑’s in both constructors will instantiate to the same f-structure, and, by
the polarity rules, the e and p in the first component of the quantifier will be negative
and positive respectively, and vice-versa for the e and p of the common noun. So
these constructors, instantiated and partially hooked up, can be depicted in either
η-expanded form as (a), or η-reduced as (b):

(43) a. ge −◦ gp (ge −◦ gp) −◦ (ge −◦ %Hp) −◦ %Hp

Dog Every

b. ge−◦ gp (ge−◦ gp) −◦ (ge −◦ %Hp) −◦ %Hp

Dog Every

The result is a combined structure which behaves exactly like the quantificational
pronouns we discussed in the previous subsection.

Standard glue makes use of the ‘dummy attributes’ VAR and RESTR to locate the e
and p literals of the common noun constructor, and these are furthermore placed on a
special ‘semantic projection’, symbolized with σ, which comes off the f-structure. This
projection however has none of the empirical properties of a real projection, such as

14Although progress is continually be made, e.g. Hughes (2005).
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a distinctive pattern of sharing across other structural levels (Andrews and Manning
1999), and is unnecessary for making the analysis work, so we abandon it here.15 The
important point is that thanks to the correctness criterion, the outgoing link from the
negative e in the first argument of the quantifier must be part of a dynamic path that
returns back to the positive p there, and can’t go anywhere else, such as perhaps the
positive p in the second argument. There is furthermore nothing in the theory that says
that semantic information of different types, such as e and p, can’t be associated with
the same f-structure location. So the dummy attributes themselves do no work, and
the projection they’re supposed to be on has no properties, so the conclusion is that
both should be dispensed with, unless one or both of these deficiencies is remedied.

It should be evident that if we combine the composite (43) with other constructors
as in the previous subsection, we get semantic assemblies for sentences such as every
dog seems to bark, every man loves some woman, etc., just as with quantificational NP
such as somebody and everybody.

The next thing we’ll look at is adjectives. For ‘scoping’ adjectives such as alleged,
former, self-styled, etc., the basic treatment is pretty straightforward. Such adjectives
appear to apply as ‘operators’ to the common-noun following them. Some, such as
alleged and former, could be treated as being of type p→p, but others, such as con-
fessed and self-styled, appear to clearly apply to arguments of type e→p, so the obvious
semantic type for them would be (e→p)→e→p (note that this would look more sym-
metrical if we included the parentheses around the final e→p subsequence, omitted
by the convention for the right-associativity of →). So the constructors for confessed
criminal would be:

(44) Confessed : (↑e −◦ ↑p) −◦ ↑e −◦ ↑p

Criminal : ↑e −◦ ↑p

It should be clear how these will fit together to produce an assembly that acts like a
single common noun.

But, unfortunately, it isn’t satisfactory to rest with such a simple picture of adjectives,
for a number of reasons. Perhaps the simplest and most empirically pressing is that
fact that this analysis doesn’t allow for the combinations of adjectives with adverbs,
as originally noted in the context of HPSG by Kasper (1995), and applied to the
LFG by Dalrymple (2001). I won’t go into this here; hopefully the reader will be
able to comprehend the issues from Dalrymple’s discussion. A more subtle problem
is that ‘scoping’ adjectives such as alleged have somewhat different properties than
‘intersective’ ones such as large, which need to be dealt with somehow, and that the
former have their scoping possibilities determined by the c-structure in ways that aren’t
immediately accounted for by standard LFG architecture (see Andrews (2004a) for
some discussion in an LFG+glue context), and an account of their properties seems
likely to require significant involvement of the internal structure of the meaning-side.

Consider for example a constraint discussed in Andrews (2004b), to the effect that
while we have adjectives such as alleged with meanings such that ‘an alleged murderer’

15See Andrews (2004a) and Kokkonidis (to appear) for further discussion.
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is someone who someone has said is a murderer (perhaps in some special format, such
as a declaration to the police), there is no adjective similar to *alleger, such that ‘an
alleger murderer’ is someone who has said that someone (else) is a murderer. Meaning-
constructors for the attested alleged and impossible *alleger, as well as the somewhat
similar confessed, with expanded meaning-sides, might be (we’ve assumed a typical
variable & two proposition treatment of the meaning-side of quantification):

(45) alleged : λP.λx.Some(y, Person(y), Say(y, P (x))) : (↑e −◦ ↑p) −◦ ↑e −◦ ↑p

∗alleger : λP.λx.Some(y, Person(y), Say(x, P (y))) : (↑e −◦ ↑p) −◦ ↑e −◦ ↑p

confessed : λP.λx.Say(x, P (x)) : (↑e −◦ ↑p) −◦ ↑e −◦ ↑p

The possible meanings seem to share the property that if you apply the composite
A(N) to some entity a, then the proposition N(a) seems to in some sense a component
of resulting proposition (although not an entailment). So, if our proposition is that
John is a confessed murderer, then ‘John is a murderer’ is in a sense part of the content
(it’s what John says he his). At this point I don’t know how to formalize this kind of
constraint in the lambda-calculus (although there is some work on paths and reduction
that seems like it might be relevant), but it would seem to involve the internal structure
of the meaning-side in some way, and to be beyond what can be said by merely stating
its type.

I think there are further indications that some aspects of the internal structure of
meaning-sides belong in the grammatical representation, such as the fact that quan-
tification is always extensional: in each world, the truth of D(P )(R) where D is a
quantificational determiner, and P and R are one-place predicates, depends only on
the extensions of P and R in that world, something which doesn’t follow from the
glue-type of quantificational determiners, but might be made to follow from some
story about what the internal structure of their meaning-sides had to look like. But
this is a topic beyond the scope of this paper.

2.4 The Architecture Reviewed

There is a significant similarity between the present conception of glue-semantics, and
the way in which c-structure is related to f-structure. One way of looking at annotated
phrase-structure rules is as small chunks of phrase-structure, consisting of a mother
and immediate daughters, together with information about the relationships between
their f-structure correspondents. Constructors in the format of (45) are similar in being
partial structures with f-structure correspondence information. They are also similar in
that there is an essentially binary convention on how they are to be put together. Given
a collection of tree-pieces admitted by a phrase-structure grammar, one can regard the
mothers as being objects with negative polarity, the daughters as objects with positive,
and the task as being to connect each negative to a positive subject to the requirement
that the phrase-structure categories match, with an additional positive of category S
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being supplied, to express the idea that we’re trying to produce a structure of type S.16

LFG differs from HPSG and Minimalism (but is similar to some but not all forms
of Categorial Grammar), in being ‘surface driven’, in the sense that the assembled
annotated c-structure determines the more abstract portions of the syntactic structure,
by the f-description solution method in the case of the f-structure, and linear logic
proofs for the semantics. On the present presentation, the semantic assembly can
be presented as a matter of assembling pieces in a manner somewhat reminiscent of
phrase-structure generation.

For the instantiated meaning-constructors produced by the annotated phrase-structure
tree can be seen as a collection of structure-pieces, with constraints on a correspondence
relation to the f-structure. A diagram of this situation for somebody seems to yawn is:

(46)
p

(e→p) −◦ p
Somebody

λ

e p

p

p→p
Seem

p

p

e→p
Yawn

e

[ ]

f :



















SUBJ g:
[

PRED ‘Somebody’
]

TENSE PRES

PRED ‘Seem(XCOMP)’

XCOMP h:

[
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PRED ‘Yawn(SUBJ)

]



















In this picture, the incomplete information about the f-structure correspondents of the
p-literals in the quantifier constructor is represented by having these point to an empty
piece of f-structure.

So far, the construction of the logical form looks a bit like that of f-structure itself, but
there is a significant difference. F-structures are found by merely solving the equations
provided by the annotated c-structure, with no further constructive step. For the
logical forms, however, there is a further step, which is the linking of the literals. This
is free, subject to the constraints that:

(47) a. Only literals with the same semantic type and f-structure correspondent can
be merged

b. The correctness criterion must be satisfied

The correctness criterion allows two possible matches for the positive p of Somebody,
the (negative) outputs (top nodes) of either Seem or Yawn. These choices will force

16Phrase-structure rules construed in the way are in fact extra-logical axioms in a non-commutative
linear logic with conjunction as the only connective.
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the identification of the empty brackets with either the outer or the inner f-structure,
respectively. From this choice, the wide and narrow scope logical forms emerge deter-
ministically.

This version of LFG architecture has an interesting resemblance to Minimalism. In
Minimalism, things start with a ‘numeration’, which is a collection of lexical-item
occurrences, which are then assembled into an overt form and its interpretation by a
computation. In this LFG architecture, the annotated c-structure mechanism delivers
a collection of pieces reminiscent of a numeration, which also must be assembled, but
only to deliver the interpretation, and subject to fairly strong constraints. In spite
of these differences, the theme of assembly of things very much like lambda-terms is
shared.

Furthermore, Andrews (to appear) explores the possibility, in the context of OT-LFG,
of using a more autonomous assembly process for glue, whereby entries are chosen from
a ‘semantic lexicon’ consisting of meaning-constructors paired with f-structure infor-
mation. This produces a pairing of logical forms with f-structures, and full linguistic
structures are produced by combining these with conventional c-structure-f-structure
pairs whose f-structures are sufficiently similar. Something of this nature seems to be a
conceptual necessity in order to have a theory of semantic interpretation for OT-LFG,
and it might be worth considering for standard LFG as well. The initial collection of
lexical items would then be exactly equivalent to a Mininalist numeration, althought
the techniques employed in the computation would be quite different.

3 Proof-nets and Deductions

So far I have been asserting that the present proof-net based approach is equivalent
to the standard deductive ones, but in spite of the fact that this is well-covered in the
literature, I think it might be worth discussing briefly here, since the relevant literature
is certainly not written for linguists. But, at this point the math/logic level probably
goes up a notch, with a rather temporary remission at section 4. So this would be a
reasonable stopping point for people without much time or background.

The basic point is that each proof-net represents a class of proofs, which are deemed
to be ‘essentially the same’ proof, in that they differ only in certain details which are
seen as ‘bureaucratic’, such as the order of application of certain rules (similar in spirit
to whether the subject or object NP is expanded first, in a classical rewriting-system
implementation of phrase-structure rules, so that phrase-structure trees can be seen as
a sort of proof-net formalism for context-free grammar derivations17).

They were originally developed for proofs in a superfically rather user-unfriendly proof-
format called the ‘Gentzen sequent calculus’, and indeed for an even more arcane ver-
sion of that, the one-sided sequent calculus.18 However for the very limited logic we’re

17Observation by Jon Cohen, ‘That Logic Blog’, http://thatlogicblog.blogspot.com/2006 04

01 archive.html (April 13, 2006, ‘Topologic’).
18See Crouch and van Genabith (2000) and Moot (2002) for useful discussion. The biggest problem

with the one-sided sequent calculus for linear logic is that it depends on the intuitively opaque ‘par’
connective (multiplicative disjunction), which obeys straightforward logical rules, but has no easily
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using here, it’s easy to connect them to the much more intuitive Natural Deduction
format, used in much recent glue work such as Asudeh (2004, 2005).

Natural deduction for implication logic consists of a general framework for constructing
deductions as trees (or, alternatively, lists or sequents), together with two rules, gov-
erning the ‘introduction’ and ‘elimination’ of the implication symbol, here ‘−◦ ’, since
the logic we’re using is Linear Logic (more on this shortly).

One tree rule says that you can make a deduction by writing down a postulate, say, A,
producing a one-step deduction. Then the rule of −◦ -elimination says that if you have
one deduction ending in A (the minor premise), and another ending in A −◦ B (the
major premise), they can be combined as two branches of a tree whose root (conclusion)
is B. Graphically:19

(48)

·
·
·
A

·
·
·

A −◦ B
−◦ elim

B

The other rule, implication introduction, says that if we have derived a conclusion B
from a deduction that has A as an assumption, we can derive the concusion A−◦ B from
the assumptions for B, with A removed. This is called ‘discharging’ the assumption A,
and is standardly represented by putting superscripted brackets around the discharged
assumption, repeating the superscript in the notation for the introduction-rule:

(49)
[A]i
·
·
·
B

−◦ introi

A −◦ B

Note that the other assumptions involved in the production of B are omitted in this
somewhat informal notation.

Now for Linearity in the logic. This can be seen as a matter of how one handles the
issue of ‘types’ versus ‘tokens’ of the assumptions. Suppose we have the assumption
‘Bush is a moron’, and (actually) using it and perhaps others can deduce either, ‘The
USA is in trouble’, or ‘Europe is toast’. In Classical Logic, it is possible to go on to
conclude ‘The USA is in trouble and Europe is toast’ (i.e. both conclusions at once),
but in Linear Logic you can’t, since, having been used in to produce one part of the
conclusion, the Bush assumption isn’t available for use in the other (we’re assuming
it’s needed for both; linear logic also obeys relevance, in that every assumption of
an argument must be used in the production of the conclusion). Indeed, to derive the
combined conclusion, we need two copies of the Bush assumption, one of which must be

understandable intuitive interpretation.
19Most presentations of this rule would use one of the standard symbols for ordinary implication,

such as → or ⊃, but since we’re basically doing linear logic, we’ll use the linear one.
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dropped (along perhaps with others) if we only want to derive one of the components.
This sensitivity to tokens as opposed to types of assumptions strikes many people as
being extremely bizarre when they first hear about it, but it makes good sense once
one notices that someone interested in the structure of reasoning and arguments might
well want to know how many times a given assumption was used to derive a conclusion,
which clearly amounts to tracking tokens rather than types of assumptions.

And regardless of its motivations, this idea fits very nicely into the tree-format for a
deduction, since the assumption-tokens used will appear at the leaves of the tree, as
many times as an assumption is actually used. The constraints of linear logic then
amount to the requirement that the deduction be a proper tree, both connected, and
with no ‘mergers’ of the branches (each assumption appearing independently at the
end of a branch).

However, in glue deductions,20 we don’t just use deductions, but ‘labelled deductions’,
in which the propositions are associated with a symbolic structure called a ‘label’,
which for glue is some sort of lambda-term representing the meaning. The deduction
rules operate on the labels as follows:

(50)

a : A f : A −◦ B
−◦ elim

f(a) : B

[x : A]i
·
·
·

b : B
−◦ introi

λx.b : B

This includes the proviso that if an assumption is going to be discharged, its label must
be a variable. Asudeh (2004) provides numerous examples of labelled deductions (in a
system slightly more complex that what we have here, so far). The original motivations
for labelling deductions included such facts as (a) the lambda-term labels provide a
convenient record of the essential features of the deduction that produces the final term
(b) the propositional component tracks the types of the terms, if we want to operate in
the typed lambda-calculus (the ‘formulas as types idea’). Independently of the original
motivations, deduction-labelling can be and often is used in a fairly freewheeling way
to make deductions produce results that are useful for various purposes.

And so the next step is to show how to use a proof-net to construct a natural deduction
proof of the conclusion (final positive formula) of the net. What I’ll show here is based
on Perrier’s (1999) method of ‘maximal labelling’ of proof-nets, itself derived from de
Groote’s (1999) algebraic formulation of the correctness criterion, which Perrier calls
‘minimal labelling’ (since it involves a minimal amount of labelling to check correctness,
whereas maximal labelling gives as much information as can be collected on a trip
through the net).

All these labelling-schemes are based on the idea of assigning values to the nodes
of the proof-net, that is, the subformula-tokens, in a manner determined by polarity

20In the ‘new glue’ format of Dalrymple et al. (1999); in the earlier ‘old glue’ format, things were
different.
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assignments and the net-structure. What this one will do is assign to each node a
natural deduction proof, produced by applying one of the rules to the proofs associated
with other nodes in the net. The input to the rules is a proof-net constructed from
the meaning-constructors, where the right-hand (glue-side) is construed as a logical
formula, the left-hand (meaning-side) as its label. The rules are as follows:21

(51) a. To an entire constructor, assign itself as a one-step deduction.

b. If A is connected to B by an axiom-link, assign to B whatever proof gets
assigned to A.

c. If a negative implication is assigned a proof ending in f : A −◦ B, and its
(positive) antecedent is assigned a proof ending in a : A, assign to its (negative)
consequent the proof derived from these two by −◦ elim, whose last line is
f(a) : B.

d. To a negative antecedent A of a (positive) implication, assign the one-step de-
duction x : A, where x is a variable not previously employed in the calculation
(this is an assumption which will have to be discharged).

e. If the (negative) antecedent of a positive implication is assigned x : A, and its
(positive) consequent is assigned a proof ending in b : B, this proof must have
x : A as an assumption, and then assign to the implication the proof whose
last line is λx.b : A −◦ B, which is produced from these by discharging the
assumption x : A with −◦ elim.

From the first three rules, it shouldn’t be too difficult to derive this as the meaning-
deduction for Ernie yawned:

(52)
Ernie : ge Yawned : ge −◦ fp

−◦ elim
Yawned(Ernie) : fp

And likewise for slightly more complex examples such as Bert likes Ernie (note that
we’re here taking the f-structure+semantic type information on the glue-side as a kind
of composite proposition-letter whose internal structure we’re not interested in).

The last two rules are used to derive lambda-abstracts such as are used in the analysis
of wide-scope reading of quantifiers. The deduction corresponding to the wide-scope
reading of somebody seems to yawn is for example (−◦ elim steps left unlabelled due to
obviousness):

21Readers who already know something about the subject might notice that the construction of
entire proof-trees isn’t actually necessary, since this is encoded in the form of the lambda-term that
is the label of the last step of the deduction.
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(53)
[x : ge]

1 Yawn : ge −◦ hp

Yawn(x) : hp Seem : hp −◦ fp

Seem(Yawn(x)) : fp
−◦ intro1

λx.Seem(Yawn(x)) : ge −◦ fp Everybody : (ge −◦ fp) −◦ fp

Everybody(λx.Seem(Yawn(x))) : fp

Proofs can be seen to have a version of η-conversion, as follows. Suppose we want to
do a deductive assembly of somebody yawned. The obvious thing to do is:

(54)
Somebody : (ge −◦ fp) −◦ fp Yawned : ge −◦ fp

Somebody(Yawned) : fp

This is what would be produced by the corresponding lopped proof-net. The unlopped
one would produce this somewhat longer derivation:

(55)

Somebody : (ge −◦ fp) −◦ fp

[x : ge]
1 Yawned : ge −◦ fp

Yawned(x) : fp
−◦ elim1

λx.Yawned(x) : ge −◦ fp

Somebody(λx.Yawned(x)) : fp

The right branch here is an example of a ‘detour’, a sequence of steps that doesn’t
produce anything that we don’t already have, from the propositional point of view
the statement ge −◦ fp, from the point of view of the lambda-labels, Yawned or its
η-equivalent λx.Yawned(x). Identifying and eliminating such detours through ‘proof-
normalization’ is a major concern of Proof Theory.22

There’s another kind of detour in proofs, which corresponds to the most important
lambda-calculus rule, β-reduction. This occurs when we follow an abstraction/−◦ intro
with an application/−◦ elim:

(56)

[x : A]1
·····
α

b : B
−◦ intro1

λx.b : A −◦ B a : A

(λx.b)(a) : B

22See Restall (in preparation) for an introduction.
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From the propositional point of view, it should be evident that we can get the same
result from the undischarged assumptions (A and whatever else is involved in the
deduction of B) with the much simpler (57), where the notation Z[a/x] means ‘Z,
with free instances of x replaced by a’:

(57)

a : A
·····
α[a/x]

b[a/x] : B

Observe that the term assigned to the conclusion is exactly what β-reduction specifies
to be the β-reduced form of (λx.b)(a).

The proofs corresonding to our proof-nets turn out to always be fully β-reduced: the
terms they produce/correspond to never provide an opportunity to apply β-reduction.
This would be a big problem were it not for the fact that every lambda-term has a
fully reduced ‘β-normal form’, to which no further β-reduction can apply. This is the
lambda-calculus correspondent of the fact that β-detours can always be eliminated
from proofs. As a result, the correspondence between our proof-nets and Natural
Deduction proofs is one-to-one but not onto: to each proof-net there corresponds a
unique Natural Deduction, but not vice-versa. A one-to-one correspondence can be
obtained by adding ‘cut links’ to proof-nets; these are used in Categorial Grammar
to express lexical decomposition (de Groote and Retoré 1996), but we won’t look into
that here.

Another significant fact lies in the relationship between η and β-expansion. Using β-
conversion, there is no limit to the complexity of the detouring proofs/formulas that
can be manufactured from a β-normal starting point (note that we’re omitting the
types here, to reduce clutter):

(58) f(a)

(λx.f(x))(a)

(λy.(λx.f(x))(y))(a)
...

You can also do this with η-conversion, but after the first step you get something that
isn’t β-normal:

(59) f

λx.f(x)

λy.(λx.f(x))(y)

So if β-conversion is available, η-conversion isn’t needed for very much, in fact, it can
be limited to cases where the inner formula isn’t itself an abstraction. This is why
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η-conversion isn’t seen as anywhere near as important as β-conversion, and people
mostly don’t bother to formalize or worry about lopping.

A final point is that the full construction of proofs, as we have implemented it, is
actually unnecessary. The structure of the proof can in fact be recovered from the label
of its last step (that’s what the labels were originally invented for). For discussion of
this, see for example Girard et al. (1989) (the earlier chapters of which are in fact quite
accessible). Perrier’s maximal labelling is just the assignment of these lambda terms
only to the proof-net nodes, without the redundant construction of the corresponding
conventional proof-tree. It can also be noted that the dynamic graph introduced earlier
indicates the order in which values must be assigned for these calculations to work,
and the correctness criterion is the requirement that must be satisfied in order for the
procedure to assign an appropriate value to every node in the net.

So far, we have presented proof-nets as exact equivalents to β-reduced deductions,
but there is one area where there is a slight technical divergence, which is the scope-
ambiguity of quantifiers. The standard LFG treatment involves linear-universal quan-
tification over f-structure locations, so that the meaning-constructor for Everybody

would be (omitting the ‘semantic projection’):

(60) Everybody : ∀H((↑e −◦ Hp) −◦ Hp)

Kokkonidis (to appear) shows how this can be construed as first-order quantification,
and discusses various issues related to its history in glue. Proof-net based approaches to
glue, mine as well as the original Fry (1999), don’t handle this quantification explicitly,
but in essence assume that things will work out if we omit the quantifier, and treat
the variable it binds as a Prolog variable that unifies with whatever it is combined
with by axiom-linking, so that if Hp is linked to fp, all instances of H will specialize
to fp (only locations can be variables, not semantic types). It seems obvious that this
should work, but it might be good if it was looked at more explicitly from the point
of view of proof-net theory, in particular, proof-net constructions for linear universal
quantification.

So as long as our glue logic is purely implicational (as is the ‘core fragment’ of Dal-
rymple et al. 1999), we therefore get quite a simple relationships between proof-nets
and the corresponding proofs. If ‘tensors’ are introduced, things get somewhat more
complicated from a technical point of view, as we shall see soon, but the essential point
remains valid.

Before moving on, I’d like to point out some further connections between glue semantics
and work over the last several decades in mathematics and logic.23 We can think of
the initial collection of meaning-constructors as being a collection of formulas in fully
distinct proposition-letters, from which, of course, no conclusions follow. Our task is to
find a substitution-instance of this collection from which something does follow,a task
very similar to applying Meredith’s rule of Condensed Detachment. A correct proof-net
is furthermore equivalent to a ‘minimal theorem’ of the logic being used (Intuitionistic

23Thanks to Bob Meyer for pointing me in the direction of some of this material.
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Implicational Linear Logic, aka BCI, so far). That is, a theorem that isn’t a substitution
instance of any other theorem. For the linking of two literals in the proof-net is basically
the same thing as replacing two formerly distinct proposition letters with one, resulting
in a sequent with the ‘two-property’, that each proposition-letter appear only twice,
once in a negative and once in a positive position. The two-property appears to have
first been investigated by Jaśkowski (1963),24 and formulas and sequents possessing
it have the interesting property of tending to have unique proofs, up to the usual
normalizations.25 Finding such a minimal theorem is also the same thing as finding
an ‘allowable graph’ in the sense of Kelly and Mac Lane (1971) (if we combine all the
left-hand members of the sequent into a single tensor-product). But this linking isn’t
done completely freely, but subject to certain constraints, as expressed by the type
and f-structure location information. This can be construed as a requirement that we
need a sequent that sits over the obvious f-structure and semantic type sequents in
the substitution-instance lattice. So for Somebody seems to yawn, the three relevant
sequents would be:

(61) (x −◦ w) −◦ z u −◦ v y −◦ q ⊢ r

(g −◦ X) −◦ X h −◦ f g −◦ h ⊢ f

(e −◦ p) −◦ p p −◦ p e −◦ p ⊢ p

Somebody Seems Yawn

A solution is a substition-instance of the first line that is a minimal theorem of
IILL/BCI (and therefore has the two-property), that has the lower two lines as substi-
tution instances. So the two that there are could be represented as:

(62) (x −◦ w) −◦ z u −◦ w x −◦ u ⊢ z

(x −◦ w) −◦ z z −◦ v x −◦ w ⊢ v

Somebody Seems Yawn

The graphic representation with the links is clearly a lot easier to deal with intuitively,
but the purely propositional representation might have uses as well.

In spite of their connections to earlier work, it is clear that it is the simple and efficient
techniques for assessing the correctness of proof-nets developed in Linear Logic that
makes them a suitable candidate for use in linguistics. It remains to be seen whether
anything linguistically useful will follow from the further involvements of the ideas that
have been briefly mentioned above.

24Which I haven’t managed to look at yet, because somebody seems to have lost or stolen the
library’s copy of the journal volume.

25For example, they don’t get additional proofs when the constraints of Linearity are removed from
the logic (e.g. Babaev and Solov’ev (1982), Aoto (1999)).
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4 Tensors and Anaphora

For some initial motivation for tensors, consider the situation of somebody who is
unconvinced by Marantz’s (1984) arguments that multi-place predicates are curried,
and instead prefers the more usual treatment found in introductory logic, where the
subject and object of a transitive verbs are in effect packed into a ‘complex subject’
in the form of an ordered pair, to which the verb then applies as a predicate. In
type-theory, such an analysis can be implemented by introducing an additional type-
constructor, ‘product’, or ‘pairing’, usually symbolized with ‘×’, so that if a is a type
and b is a type, then a × b is the type of pairs whose first component is a and whose
second is b. We can then use a type such as e× e→p (assuming the convention that ×
binds tighter than →) for transitive verbs, rather than e→e→p (if we’re using a formal
semantics based on set theory,26 it will follow that these two types do essentially the
same job, although one might claim to have empirical linguistic or other kinds of reasons
for preferring one for the other).

To use such an analysis in glue, we need to use the ‘tensor’ connective of linear logic
(multiplicative conjunction), usually symbolized as ‘⊗’.27 A meaning-constructor for
a transitive verb using the tensor might be (assuming the convention that ⊗ binds
tighter than −◦ ):

(63) Kill : (↑SUBJ)e ⊗ (↑OBJ)e −◦ ↑p

What this says, intuitively, is ‘form a pair from the meanings of the subject and object,
and present that to the meaning of the verb as argument’.

We can extend proof-nets to include tensors by adding tensor nodes in addition to the
implication nodes we already have, with the polarity-assignent convention that a tensor
and its components all get the same polarity. For positive tensors, the appropriate
orientation in the tree-format is tensor over components (and the dynamic graph links
are from each of the components to the tensor). So the tree-representation of (63)
would then be (f-structure information omitted):

(64) (p)−

(e ⊗ e −◦ p)−

Kill

(e ⊗ e)+

(e)+ (e)+

It is hopefully evident that the capacity of this structure to fit into proof-nets is exactly
the same as that of its curried counterparts (two of them, since either argument could
be composed first), since it has two inputs of type e, and one output of type p (adding
the f-structure information wouldn’t change this).

However we’ll require some additional machinery if we want to do work in the meaning-
side, for example lexical decomposition. Suppose we want to express the idea that kill

26Or indeed any ‘Cartesian Closed Category’
27Perhaps because the tensor product construction in linear algebra is an important example obeying

the essential rules governing multiplicative conjunction (Troelstra (1992), ch 9; MacLane (1971:157)).



31

means cause to die (or some more empirically tenable complexification of this position).
Our Kill-meaning here applies to a pair of type e×e, but for the decomposition we need
to dissect the pair into its two components, and feed each to a different predicate. This
can be done with the projections πe,e

1 and πe,e
2 , which take extract the first and second

members, respectively, of something of type e×e (but this requires going beyond linear
logic). With the types of the variables notated as superscripts where they are bound,
the decomposed meaning-side might be:

(65) λxe×e.Cause(πe,e
1 (x), Die(πe,e

2 (x)))

(In real life, people wouldn’t bother to notate all of the types explicitly, as long as they
could be determined from context.)

The use of input (positive) tensors for arguments has been a persistent minority option
in glue (especially in the ‘old glue’ notation, where the projections aren’t needed to
build the meanings), although I think it could be weakly challenged on the basis of
requiring more arbitrary decisions than the curried alternative. Marantz’s arguments
provide some rationale for deciding what arguments should be ‘composed first’ (or,
more plausibly in a framework such as LFG, which tries to keep operations as order-
free as possible, structurally closer to the predicate in the underlying representation),
but there is no comparable way to argue about which component of the tensor should
be first, or how the arguments of 3-or-more-place predicates should be packaged.

A more interesting question arises when we consider the fact that if we have input
tensors, we might also expect to have output (negative polarity) tensors. Asudeh
(2004) discusses various uses to which these might be put, but the only worked out and
persistently popular example is anaphora, although there are alternatives, as discussed
in Kokkonidis (2005) and Lev (2006b).

Amongst the considerations militating against output tensors (and therefore, presum-
ably, input tensors as well) is that fact that they create a fair amount of essentially
trivial but nevertheless annoying mess in the formalism, which we will be looking at
shortly. Another, perhaps more subtle one, is that their use appears to be highly
disciplined by Universal Grammar: output-tensors can’t just send their outputs to
anywhere, but only act in limited ways, such as returning the meaning of antecedent
of an anaphor to where it was taken from, plus a copy to the location of the anaphor
itself. A need for a lot of stipulative UG discipline on the use of tensors suggests that
perhaps they shouldn’t be there at all.

On the other hand, (a) their absence seems to actually make the deeper math more
difficult (Mints 1981) (b) the counterparts to the tensors in systems very closely related
to glue (such as the products in closed cartesian categories, and the dot-composites
in categorial grammar) play a conceptually central role in those systems, so that their
absence from glue might be seen as peculiar. So, without endorsing any specific position
on the desireability of including tensors, we present here a discussion of their use in
anaphora.

A common feature of all of the analyses of anaphora is that in order to taken as
analyses of anaphora specifically, it’s necessary to consider the internal structure of
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the meaning-side, not just the glue-side. We’ll start by illustrating this point by a
tensor-free analysis of anaphora discussed by Lev (2006a), whose basic mechanism in
fact seems well-motivated for reciprocals (Lev 2006c), although more problematic for
reflexive and ordinary pronouns. Then we’ll consider a popular analysis with tensors,
first proposed in Dalrymple et al. (1997), and later taken up by Asudeh (2004).

4.1 Anaphora without Tensors

All glue analysis of anaphora make use of an ANTecedent attribute of the anaphoric
element, discussed in detail in Dalrymple (1993). The value of this attribute is the
f-structure of some other element of the syntactic structure of the sentence, which
is supposed to intuitively be the ‘supplier’ of the meaning of the anaphoric element.
So consider the f-structure of a sentence such as John washed himself, with the ANT

grammatical function included:

(66)

f :



















SUBJ g:
[

PRED ‘John
]

TENSE PAST

PRED ‘Wash(SUBJ, OBJ)’

OBJ h:

[

PRED ‘Pro

ANT [ ]

]



















If the instantiated meaning-constructors were just:

(67) John : ge

Himself : ge −◦ he

Washed : he −◦ ge −◦ fe

with Himself merely piping the content of the subject to the object position, things
wouldn’t work out, because the verb’s demand for an input from the subject wouldn’t
get satisfied.

This problem can be solved by a trick, which is to build a constructor that accepts
a two-place predicate, and produces a one-place predicate (basically a diagonalization
operator). The type of a 2-place predicate will be e→e→p, and that of a 1-place
predicate e→p, so that the semantic type information of the constructor will be (e−◦
e −◦ p) −◦ e −◦ p. What about the f-structure information? The two-place predicate
will take input located at the pronoun and antecedent f-structures, so these will be
the f-structure locations of the type e ‘sub-arguments’ of the first argument of the
constructor, and the antecedent is the ulimate supplier of the content that’s being
piped around, so putting everything together we get:

(68) Himself : ((↑ANT)e −◦ ↑e −◦ Hp) −◦ (↑ANT)e −◦ Hp

With this new constructors, we get a correct proof-net (writing the constructors verti-
cally, since they won’t fit on one line):
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(69) Johns : ge

Himself : (he −◦ ge −◦ fp) −◦ ge −◦ fp

Washed : he −◦ ge −◦ fp

You can check that this satisifes the correctness criterion, but what does it mean?

Redoing it as a tree-format logical form isn’t very illuminating, except that it does
bring out the idea of the reflexive as being a sort-of-quantifier-like operator:

(70) fp

ge→fp

(he→ge→fp)→ge→fp

Himself

λ

he λ

ge fp

gp→fp

hp→gp→fp

Washed

hp

gp

ge

John

But to see this as being an analysis of reflexivation, we need a meaning-side which
expresses the idea that whatever argument is supplied to the operated-on predicate
plus Himself is supplied to both arguments of the former. Such as:

(71) λP e→e→pλxe.P (x)(x).

If we do the β-reductions that then become possible for (70), we get the final desired
result Washed(John)(John).

An important feature of this treatment is that it requires a combination of two differ-
ent kinds of logic, the linear logic that does the basic assembly, and something more
powerful to produce the actual reading. This is because linear lambda-terms cannot
produce the effect of copying the bound variable x in (71) into the two different argu-
ment positions where it appears. The nature of the connections between the two logics
isn’t much discussed in the LFG glue literature, although it is sometimes handled more
explicitly in categorial and type-logical grammar. One question that arises is whether
it is possible to use proof-nets for the meaning-sides, and resultant β-reductions; the
answer is yes, although I am not sure of the best way to set things up.28 An advan-

28de Groote and Retoré (1996) for example use the standard embedding of (noncommutative) lin-
ear logic into intuitionistic logic, although this requires the use of various cumbersome proof-nets
constructions such as weakening and promotion boxes.
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tage of using a proof-net-like structure rather than a conventional lambda-term is that
the annoyances of specifying free vs. bound variables, etc. and ‘change of variables’
(α-conversion) would no longer be required.

So we have a tensor-free analysis works for the case discussed, and various other ones,
it has at least two major drawbacks as a treatment of anaphora:

(72) a. It seems to have very dim prospects as a treatment non-bound anaphora

b. It gives rise to certain spurious structural ambiguities, as discussed by Lev
(2006a).

For example Ernie probably likes himself would be either:

(73) a. Probable(Self(Ernie, λyx.Like(x, y)))

b. Self(Ernie, λyx.Probable(Like(x, y)))

For reciprocals, similar ambiguities are sometimes genuine (Lev 2006c), but in the case
of reflexives, there seems to be no hint of either an intuitive structural or interpreta-
tional ambiguity. This might simply be because the two analysis β-reduce to the same
thing, but it’s still a point to worry about.29

On the other hand, the good features of this analysis are:

(74) a. it fits into the purely implicational fragment of Intuitionistic Linear Logic.

b. it uses a form of constructor that is independently motivated for reciprocals
(Lev 2006c).

4.2 Anaphora with Tensors

The other analysis we’ll look at, using tensors, was formulated in the ‘old glue’ format
by Dalrymple et al. (1997), and used in new glue by Asudeh (2004). The idea here is
to use a negative tensor as output of the reflexive constructor, which is then:

(75) λx.[x, x] : (↑ANT)e −◦ (↑ANT)e ⊗ ↑e

Suitably instantiated, this can be combined with other constructors into a (sequent-
style) proof-net like this:

(76) ge ge −◦ ge ⊗ he he −◦ ge −◦ fp ⊢ f p

John λx.[x, x] Washed

Himself

29And note that, unlike some other spurious ambiguities noticed by Lev, this one can’t be suppressed
by requiring the reflexive to take its scope at the lowest possible c-structure node.
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This is correct, although the correctness criterion has be strengthened to require the
dynamic graph (links running from negative tensor to its components) for to be both
connected and non-cyclic, rather than one or the other (de Groote 1999).

And an issue arises as to how to read it as a logical form. If we try to apply our previous
scheme for reading proof-nets as lambda-terms, a difficulty arises. The constructor for
Washed renders straightforwardly as:

(77) (fp)
−

(ge→fp)
−

(he→ge→fp)
−

Washed

(he)
+

(ge)
+

But assembling John and Himself yields a configuration that we haven’t produced rules
for dealing with:

(78) (ge ⊗ he)
−

(ge −◦ ge ⊗ he)
−

Himself

(ge)
+

(ge)
−

John

The problem of course being the composite output.

Clearly, we want to run links from the two components of this output to the two inputs
of Washed (that’s what the proof-net does), but the result is not a tree:

(79) (fp)
−

(ge→fp)
−

(he→ge→fp)
−

Washed

(he)
+

(ge)
+

(ge ⊗ he)
−

(ge −◦ ge ⊗ he)
−

Himself

(ge)
+

(ge)
−

John

(We really ought to expand the tensor into tree-form, as a little root-down tree with
the full formula as the root and the two components as branches, but we won’t bother
with this.)

Although (79) isn’t a tree, it isn’t too hard to come up with a way of reading it as
a kind of logical form. The idea is that the axiom-links from the first and second
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components of the output tensor are treated as being like first and second projections,
so that (79) is read as if it were:

(80) Washed(π1(Himself(John)))(π2(Himself(John)))

The main difference being that in a linear format, we need to use two copies, rather
than two links to a shared substructure.

This idea can be expressed with an extension of Perrier’s maximal labelling rules (Per-
rier himself doesn’t extend his system to tensors). The implicational rules, as originally
formulated, are (these are just the rules for proof-construction (51), with everything
but the construction of the label of the conclusion of each proof removed):

(81) a. To an entire constructor, assign its meaning-side

b. If A is connected to B by an axiom-link, assign to B whatever gets assigned
to A.

c. If a negative implication is assigned f , and its (positive) antecedent is assigned
a proof ending in a, assign to its (negative) consequent the f(a)

d. To a negative antecedent A of a (positive) implication, assign x, where x is
a variable not previously imployed in the calculation (this is an assumption
which will have to be discharged).

e. If the (negative) antecedent of a positive implication is assigned x, and its
(positive) consequent is assigned b, then b must contain x, and assign to it the
implication λx.b.

For tensors, we add the following two rules:

(82) a. If A ⊗ B is a negative tensor to which the z has been assigned, assign π1(z)
to the first component (A), and π2(z) to the second component (B).

b. If A⊗B is a positive tensor where A has been assigned x and B y, then assign
[x, y] to A ⊗ B.

These rules will then assign (80) as value to the final output of (79).

This analysis shares with the previous one the property of not being construable as an
analysis of any kind of coreference, unless we take into account the internal structure
of the meaning-side of the reflexive pronoun constructor. As far as glue itself is con-
cerned, it simply says that the subject and object of the sentence are first and second
components of something produced as output by something that applies to the subject
(or, more generally, antecedent of the pronoun). The linear logic of glue is not capable
of copying the reference of the antecedent so as to supply these copies to different
positions; this requires the intervention of an additional and less constrained logic that
can manipulate the internals of the meaning-sides.

But this treatment does have the advantage that it doesn’t introduce spurious ambi-
guities with operators such as probably. Introducing this adverb leads to this proof-net
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(83) ge ge −◦ ge ⊗ he he −◦ ge −◦ fp f p −◦ fp ⊢ f p

John λx.[x, x] Washed Probably

Himself

which is equivalent to this more conventionally notated logical form:

(84) Probably(Washed(π1(Himself(John)))(π2(Himself(John))))

However, these proof-nets don’t have such a clear relation to Natural Deduction. Read-
ers of Asudeh (2004) may well have noticed that there, projections aren’t used, but
rather a let-term constructor, so that instead of (80) one would get:

(85) let Himself(John) be x ⊗ y in Washed(y)(x)

The idea of let is that it undergoes a β-reduction such that if the first argument is a
product, the two components are simultanously substituted in the third argument for
the pair of variables specified in the second. That is:

(86) let [a, b] be x ⊗ y in c ⇒β c[a/x, b/y]

The effect is that if we can get access to the internal structure of Himself as λx.[x.x],
then the desired reading will be delivered by this sequence of reductions:

(87) let (λx.[x.x])(John) be x ⊗ y in Washed(y)(x) ⇒β

let [John, John] be x ⊗ y in Washed(y)(x) ⇒β

Washed(John)(John)

But of course glue per se doesn’t have such access, so as far as glue is concerned, the
logical form is the unreduced (85).

The literature appears to provide no guidance as to the choice between these two
techniques. The projections are used without comment in the Type-Logical Grammar
literature (e.g. Moot 2002), whereas the LFG literature seems to use let, with equally
little discussion of the alternatives.

One aspect of the choice seems to be that projections fit more naturally to the use of
proof-nets, while the let-constructors more closely follow the grain of Natural Deduc-
tion. That there is a problem with let and proof-nets can be seen from the fact in an
adverbial example such as (83), we have a single proof-net, but have to choose between
two different-looking let-terms:

(88) a. Probable(let Self(John) be x × y in Washed(y)(x))

b. let Self(John) be x × y in Probable(Washed(y)(x))
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This difference corresponds to a difference in the possible proofs in a Natural Deduction
formulation.

The (labelled) Natural Deduction rules for ⊗ are:

(89) a.
a : A b : B

⊗intro
[a, b] : A ⊗ B

(not actually used in Asudeh (2004), but included for symmetry)

b.

·
·
·

z : A ⊗ B

[x : A]i[x : B]j
·
·
·

c : C
⊗elimi,j

let z be x × y in c : C

The proofs produced by these rules will show the same choice as in the pair of proof-
terms (88), for the reason that we have to make a choice about when to replace the
pair of variables x, y in the argument positions of Washed, and this can be done either
before or after the application of Probably.

At this point it looks as if proof-nets and natural deductions are coming adrift rather
badly, but there is a fix at hand, motivated by the fact that if the first argument of
let is a product itself produced by linear logic, the two formats of (88) will β-reduce
to the same thing, and should therefore be regarded as being the same term. This is
achieved by means of a ‘commuting conversion’, which defines an equivalence relation
between terms related as those in (88). See Mackie et al. (1993:317) (conversion 4) for
a formulation (as usual, in a much more complex environment than required for glue,
since meaning assembly doesn’t appear to need the linear logic units).

So, although the let constructor participates in the same structural ambiguities as
the Natural Deductions, and so corresponds better to them than to proof-nets, this
doesn’t matter very much, because the two structures are to be equated by a commut-
ing conversion. One might think of proof-nets as having the advantage here, in that
commuting conversions aren’t required (for this particular application, although there
are others where they are still found useful), but on the other hand their corresonding
proof-terms are more redundant in presentation, with the duplications, and also require
a more complex concept of linear binding.

The reason for this is that if we have bound anaphora to a quantificational NP:

(90) Everybody washed himself

the projection-based logical form will contain two instances of the bound variable, one
inside each projection:

(91) Everybody(λx.Washed(π1(Himself(x)))(π2(Himself(x)))))
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But this duplication of the variable is an artifact of the linear representation: in all of
the proof-net formats, there will be a single link from the negative e of the quantifier
to the positive of Himself.

The tensor analysis is somewhat less hopeless for cross-sentential anaphora than the
one of the previous section, but still doesn’t seem very promising, due to the fact that in
order to get the anaphora in a discourse such as Somebody/John came in. He sat down,
we’d need to retrospetively restructure the first sentence by inserting a tensor, in order
to process the second, as well as insert the second within the scope of the quantifier, in
the existential version. It is therefore not a big surprise that there’s been considerable
work on developing methods related to dynamic logic and discourse representation
theory in glue, which involves mechanisms that go beyond glue itself, and so won’t be
discussed here (see Kokkonidis (2005), Lev (2006a) for recent discussion).

I will however make a general remark. Much work on anaphora in glue, such as Crouch
and van Genabith (1999) and Dalrymple (2001), has devoted considerable effort to
trying to fit the phenomena of anaphora with the mechanisms of linear logic. But
anaphora doesn’t display the distinctive properties that linear logic easily accounts
for, which is resources that must be used once and once only. When a referent is
introduced, it doesn’t have to be referred to again, and but it always can be, as many
times as desired. There aren’t any linguistic formats for NPs that either require or
forbid later reference as a matter of syntax, let alone demand a specific number of later
references (as opposed to NPs such as nobody, to which later reference might not make
sense, and is therefore excluded on conceptual grounds). In the DRT-based approach
suggested by Kokkonidis, and in slightly modified form by Lev, on the other hand,
most of the work of accounting anaphora is done by a different component, a discourse
representation theory which functions behind the scenes from the point of view of the
grammatically controlled meaning-compositions controlled by glue. This would seem
like a fundamentally more promising approach. But the whole approach seems to have
a long way to go before it is up to speed on standard issues such as paycheck sentences,
antecedent-contained deletion, etc. It’s reasonable to hope that the flexibility of glue
will provide good solutions to these problems, but they haven’t been worked out.
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